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ABSTRACT

Nuclear power series spaces of finite type, Ag(c), and infinite type, A (o),
are considered. Sufficient conditions are given on & for which there exists a f§
such that A_(f) is isomorphic to a subspace of Ay(e) and also for which
there does not exist such a f§. In certain cases it is possible to take f=a.
The results in this papar are related to earlier results by S. Rolewicz and
V. P. Zaharyuta.

One way of investigating the structure of nuclear Fréchet spaces would be to
characterize, for a given space, all infinite dimensional closed subspaces, up to
isomorphism. For example, in the case of the space w of all infinite sequences of
scalars, the answer is simply w itself [9, (3.1)]. In this paper we consider a very
limited version of this extremely general question. We take a given power series
space of finite type (see below for definitions) and try to determine if it is possible
for this space to have a subspace isomorphic to a power series space of infinite
type. A more difficult next step will be to try to find out exactly which such spaces
can appear as subspaces.

The first result in this direction was due to S. Rolewicz in 1961 who showed
[12] that such an embedding can be possible. Some of our results are extensions
of this observation, but inasmuch as Rolewicz used a representation in terms of
spaces of analytic functions and we use only sequence space representations, our
methods are quite different.

More recently, V. P. Zaharyuta has shown [13] that no power series space of
infinite type can contain a subspace isomorphic to a power series space of finite
type. Indeed, our main motivation in this paper has been to consider the statement
of Zaharyuta’s theorem with the words “‘infinite’” and ‘“finite’” interchanged. In
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view of Rolewicz’s result it is not surprising that this transposition puts us into
an entirely new situation. We show, for example, that Zaharyuta’s method,
consideration of compact maps, is entirely inapplicable (Theorem 5) and the fact
that the answer to our question is sometimes yes and sometimes no suggests that
the structure of finite type power series spaces is more complicated than that qf
infinite type spaces.

Usually, the most useful tool in studying nuclear Fréchet spaces is the fact
that the seminorms defining the topology can be taken to be seminorms which
come from inner products and hence the theory of Hilbert spaces can be applied
(see [10], for example). In this paper, we exploit the fact that the role played by
I, can also be played by I,. Considering only elements which can be written as
finite linear combinations of elements of a basis gives a combinatorial flavor to
the problem of estimating the seminorm of an element of our space.

The major technical result in this paper is Theorem 1 which gives several
characterizations of when a certain subspace of a given finite type power series
space is isomorphic to a space of infinite type. Theorems 3 and 4 give new classes
of finite type power series spaces which have infinite type subspaces and Theorem 2
provides a limitation on the kind of embedding which is possible. Among the
consequences of these results are two interesting new facts. First we show that
quasi-equivalent bases (see [10] for definitions) are not the same if one considers
all possible subspaces which can be generated by block basic sequences. Secondly,
we give the first example of a block basic sequence which generates a noncomple-
mented subspace and has no extension to a basis (cf. [5] and [8]). In Theorem 6
we show that there are some power series spaces of finite type which have no
subspace isomorphic to a power series space of infinite type.

The term scalars will refer to real or complex numbers; subspace will mean
closed subspace and isomorphic will mean linearly isomorphic.

The symbol N will stand for the positive integers and we will variously denote
a sequence by «, (), (,),. Sometimes we will refer to an infinite subset Ny = N
and then use N, to index a sequence. We mean, in this case, that N, is to be con-
sidered in its natural order as a subsequence of N,

The n’th coordinate sequence e, is the sequence which is 1 in its n’th coordinate
and O elsewhere.

We recall that a sequence (x,) in a locally convex space E is a basis if for each
x € E there is a unique sequence (¢,) of scalars such that
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X= X t,x,
n

A sequence in E is a basic sequence if it is a basis for the subspace which it
generates. If E is a locally convex space and (x,) is a basis then a block basic
sequence of (x,) is a sequence (y,) determined by a strictly increasing sequence,
0=p, < p; <--- of integers and a sequence (t,) of scalars via the relation
Pn
Vo= X tx;#0, n=1,2,.-
i=pa_i+1

If E is a Fréchet space then a block basic sequence is always a basic sequence.

The preparation of this paper was partially supported by NSF Grant GP33327
and also by Deutsche Forschungsgemeinschaft SFB 72. We would like to thank
C. Fenske and A. Wiegner for many useful conversations about the results in

this paper.

Preliminary results

We begin by recalling some of the basic facts about power series spaces. For
more details see [11]. We define an exponent sequence to be a nondecreasing
sequence « = («,) of nonnegative numbers. Given « we define the corresponding
power series spaces Ay(a), A, () of finite and infinite type respectively by

M) = [e=@:n® = = 4] () < k=12)

Ae) = {¢=(5"):pk(é)= T )& ke <oo,k=1,2,---}.

In each case the functions p,, k = 1,2, --- form a fundamental system of seminorms
for Fréchet space topologies on Ag(a), A, (a).
An exponent sequence o is said to be a nuclear exponent sequence of finite
type if
Y k*<owforallk=1,2,:
n

and a nuclear exponent sequence of infinite type if

2 k™" <ooforsomek=12,-.

The basic properties of power series spaces which we will need are contained in
the following proposition. They are well known and easy to derive from the

definitions.
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PROPOSITION 1. Let « be an exponent sequence.

(1) o is a nuclear exponent sequence of finite, respectively infinite, type iff
the Fréchet space Ay(a), respectively A (a), is a nuclear space. In this case the
fundamental system of seminorms (p,) can be replaced by (p,) where

&= st ()

respectively

A& = sup | &, [k

Moreover, in this case, the coordinate sequence (e,) forms a basis for the space,
called the coordinate basis.

(ii) If « is a nuclear exponent sequence, then lim, o, = co.

(iii) If X, 1/, < 0o then o is a nuclear exponent sequence of both finite and
infinite type.

(iv) Every nuclear exponent sequence of finite type is also a nuclear exponent
sequence of infinite type but not conversely. A counter-example is given by
o, = logn.

(V) If o and B are two nuclear exponent sequences of the same type and 7y is
the sequence obtained by rearranging the sequence (ay,f;,%,,f,,-:+) into a
nondecreasing sequence, then 7y is a nuclear exponent sequence of the same type.

(vi) If o is a nuclear exponent sequence and ¢ > 0 then the sequence (ca,), is a
nuclear exponent sequence of the same type.

(vii) Any subsequence of a nuclear exponent sequence is a nuclear exponent
sequence of the same type.

Now let (a*) be a fixed infinite matrix of scalars satisfying the following
conditions for all n,k:

) O<as<ayt!
k k+1

(2) ‘chn 2 a:+1 :
an+1 an+1

For a sequence of scalars ¢, . 1,-+,t,, (Pp < py) and for each k = 1,2, --- we define

. k k
@ (tps1>"+sp,) = max {q: max | ;]a* =|1,]a} }.
po<i=pi

LemMmA 1. In the context of the above notation we have
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. -
qk(tpn+]9"',tp,)§ q ‘(tpg,‘i'l’”.stpl)‘
ProoF. If we have p, < i <j < p, with
k
[1laf< | 1]a;,

then

k+1

5

IIA

7
A
==

=

o
—

—l

so that

] s gk,

This implies that if ¢*(t,, 1, -+,1,,) =j then ¢**' (¢, .y, -, 1,,) 2 j and the lemma
i1s proved.

Suppose we think of 1, ,,,-,1,, as fixed for the moment and k as running
through consecutive integers 1,2, -+, K. Then the numbers ¢* =¢* (1,4, -+, 1,,) run
through the integers p, + 1,---, p, with perhaps some oissions and/or some
repetitions. Lemma 1 states that the sequence ¢', -+, ¢* must be nondecreasing.
In Lemma 2 we show that, with an additional condition on the original matrix
(at), these are the only restrictions and that, otherwise, any preassigned sequence
q',---,q" can be attained by an appropriate choice of oot ts°7»1,,- This result
will be crucial in all of our constructions of subspaces.

LiMMA 2. Assume that the inequality (2) is strict for all n, k. Let Lo Pr
be any sequence of integers such that

0<po<py < <p,, mZp,— po,
and let q',---,q™ be any integers which satisfy
Po<g'<g’<- <q"<p,.
Then there exist scalars t, . ,,--,t, such that
T por1stp) =q" Jor poy <k Sp, 1=1,2,-,m.

PROOF. Set f; =0 for i #¢',---,q" and set 7, = 1. Then we choose tys J =
2,---,m inductively to satisfy the inequality

k k

a,i- . a,;-
(3) max |tq)-|l-ii—l<]tq;, < min ,qu-||—‘ii—l.
pj=1<kZpjy gy 0 =2<kSpy-y a4

This choice is possible because our hypotheses that the inequality in (2) is strict
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and that ¢/~! < ¢/ imply that every term on the far left of inequality (3) is strictly
less than every term on the far right.

Now fix I=1,---,m — 1 and first consider some j with I <j < m. By (3) we
have

|| ali<|ty-s| dbs-s for p,_y <k < p;_y.
We claim that this inequality also holds for p,_; < k £ p,. Indeed, using it with
k= p;_, and the fact that p, < p;_, we obtain for p,_; < k < p,,

Iltqfllsaé’f—'l‘ agi-1 _ Gy
tqj-] N Py-1
a,

afl’f a
Thus we have proved
|1, aki<|ts-1| als-s for I<j<mand p,_; <k < p,
Repeating this inequality with j replaced successively by j — 1,---,1 + 1 we obtain
| ts|aki < |ta|ak for I<j<m and p,_, <k=<p,.
From the definitions we immediately conclude that
q(tpor 1551 ) S q' for p_y <k < py.

For | = m this inequality follows immediately from the fact that | ¢, 2 0 for all i
and |t;| #0iff i =q', -, g™

To obtain the reverse inequality we argue analogously. Suppose that [ > 1 and
we have 1 £ j < I. Applying (3) we obtain

l tqjla";j < | tq,+1|(l:;j+1 for Pj <k é pj+1'

Again we wish to extend this inequality to the case p;,_; < k £ p,. Using it with
k = p; + 1 and the fact that p; < p,_, we obtain for p,_, <k < p,,

pi+1 pi-1+1 k
ll t‘l"”l > agi > Agi > a4 .
Ty l o+l _piogtl K
4 aq}“ a’,;h’; A+t

Thus we have proved

Itqj aZ, < Itqj+1la§j+1 for 1 £j<1 and pr-1<k = P
Repeating this inequality with j replaced successively by j+1,-.-,1—1, we
obtain

ltq,-|a;‘,~<|tqlia’;z for 1 §]<l and pl—1<k§ P
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This shows that

A(tpor1s°stp, 2 q' for p_y <k < py.

Finally, for I = 1, this inequality follows as the first one did for | = m. Thus
we have our two inequalities and the proof is completed.

For the remainder of the paper we specialize the matrix in the above discussion
to be

k \*™
ko =
a, = (k+1) ’ n,k 1’2’ H

where o is a nuclear exponent sequence of finite type. It is easy to check that the
inequalities (1) and (2) hold, so Lemma 1 is valid. Moreover, the inequality (2)
is strict so that Lemma 2 holds iff « is strictly increasing.

Now we want to introduce some auxiliary quantities based on the following
parameters which may vary throughout the paper but will be fixed in any given
discussion:

o—a nuclear exponent sequence of finite type

f— a nuclear exponent sequence of infinite type

(v,) — a basic sequence in Ay(«) which is of the form

Pn
Vo = 2 tie;, p, <0, n=12--
i=1
(d,) — a sequence of nonzero scalars
7 — a permutation of N.

Then we define, for n,k=1,2,---,

q,; = qk(trll’ “'9t;n)

Ol

k
'y =
" ﬁn(n)
K T

un=dn/ﬁ()]t;lﬁl/ﬁ()(k+1)

k+1
k_Aun
n = —%

Hy

Y = subspace of Ay(«) generated by (y,).
First we derive a useful estimate of the quantity rk.
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LeMMA 3. In the context of the proceeding notation, we have, for all n, k,

<<

='p =

(k2 + 2k + 1)v’:

k2 + 2k + 1\+1
k? + 2k

k* + 2k

PrOOF. From the definition of ¢* we have

k

. kot k \%n
el (7)1 (59)

and
It"l k+1”z<lt" | k 4+ 1\%*
wl \k+2) =la{k+2
)
(k + I)?z_yﬁivl - difﬁn(n)ltzﬁ+l|1/ﬁ-(n) - ( k )yﬁ_y:-id
k+2 = LB | 18 “\k+1
and

k4 I\ [+ 1V Y e+ 1R gk 1R
() () =" (i) (% )
which is exactly the desired inequality and the lemma is proved.

For the remainder of the paper we will be concerned with the problem of
deciding when, for a given «, there exists (y,) and a f such that Y is isomorphic
to A_(B). As we will see, this amounts to being able to choose (d,) and = so that
the quantities defined above satisfy certain analytic conditions. The major
technical tools which we will use to obtain such results are contained in the

following characterization.
THEOREM 1. In the context of the preceding notation, the following are
equivalent.
(1) Y is isomorphic to A ().
(ii) There exist (d,) and m such that
(@Vvjdkand M>05

—k—l) " for alln

jﬂ"(") = Mdnl t;’,ﬁl (k +

and

by Vkidl and N>0>3
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k \ Ba(n)
dnl t:;;l (m) = NI* for all n.

(iii) There exist (d,) and © such that

(@) lim pf < oo for each k
and

(b) sup lim pf = oo.
k. TaT

(iv) There exists n such that
(a) sup yr< oo forall k
and

kool
(b) sup lim X —=c0.
k j=1 J

Proor.

(i) = (ii). According to the famous theorem of Dragilev [ 3], the isomorphism
of Y and A_(p) is equivalent to the existence of (d,) and n such that the bases
(y,) and (d,e,) are equivalent, where (e,) is the coordinate basis for A (f). This
is the same as saying that the sequence spaces determined by these bases are the
same. Thus by a standard argument using the absolute basis theorem of Dynin
and Mitiagin [6] and Proposition 1(i), the isomorphism is equivalent to the
relation

1
Q ':F'll= D _b_kll

where, for each k, b* = (bf) and c* = (cf) are the sequences given by

n i (k)

c"=1

- d kﬂ"(")-

n

Here the notation, (1/x) - I, refers to the set obtained by multiplying each sequence
in I; coordinatewise by the sequence (1/x,).

Now the two sequence spaces mentioned above are echelon spaces in the sense
of Kothe [7, §30] so they are equal iff their corresponding co-echelon spaces are
also equal. Therefore, the relation
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U 1, = U b*1,
k k

is equivalent to (i). But this equality is clearly equivalent to:
(@) Vjik and M >03ci < Mbl V¥n
and
(b) Vk3l and N>03bF< Nc! vn.
Substituting for b* and c* transforms the above two statements exactly into (ii).

(ij)«>(iii). If we raise both sides of the inequalities (ii) to the power 1/8,,,
then they become

(@) Vjlkand M >03j < M Y8 y¥ forall n

and
(b) Vk3!l and N > 035 pf< N6~ | for all n.

We then take the limit inferior in (a), the limit superior in (b), and apply Propo-
sition 1(ii) to obtain

(a) Vjdksj < lim ,u,,,

and
(b) Vk3I s lim pr<l.

Clearly (a) is equivalent to (iii) (b) and (b) is equivalent to (iii) (a).

(iii) = (iv). Choose some (d,) and = such that (iii) (a) and (b) hold. First we
prove (iv) (2). If this were not true then we would have some k, and an infinite
subset Ny = N such that lim,_y y&° = co. Applying Lemma 1 for each » it would
follow that lim,.yyk= o0 for all k= k. By Lemma 3 this implies that
lim,, .y, rﬁ oo for all k> k,. By (iii) (a), lim,uf** < o0 for k= k, and so
lim, .y, p¥=0 for k= kk and hence lim, 4 = 0 for k = k,. Obviously, in view
of (iii) (a) applied with k=1,---, k, — 1 we have a contradiction of (iii) (b).

Next we prove (iv) (b). Applying Lemma 3 we have, for each n, k

T =ty LT B AV
Ho =Tyt Tn Sy ,-Ul (—————J.Z ner )
so that for all k,

. .2 . yi+1
lim pf < (limpnl) lim (H (]__-I—Z]_—_l-__l) )

n 2+2
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Hence if, in view of (iii) (a) we set M = lim, u} < oo, it follows from the mono-
tonicity of the logarithm function that

k—1 jt1 .2 :
. . +2j +1
log(lim y*) < log M +1 In ! (’————))
og(1:ny,,)_ ogM + 1nm (121( +1)2(]+ )*log EFYT

Now it is easy to check, using elementary calculus, that

.2 . \
L +2+1
1 1)*log (* )=1
jir:(]+ ) og( J2+2

and so we have by (iii) (b),

oo = suplog(lim uf)
K -

A 2 (jz +2j + 1))
ZlogM lim( X + A
SlogM + sup 1” (1= T+ 1)Z(J 1)*lo 717

242 + 1 RV A
<logM + su i +1)%lo (J————))su lim X e
g léjgoo (@] )log 2 kp it (G + 1)

and since both log M and the quantity
PP+2+1
su + 1D)2logt——F—
 Sup. (J+ 1)*log T
are finite, it follows that
k-1 Jj+1

. Y
sup lim Y 0= 00,
kp — =1 G+ 12

which, along with (iv) (a) applied with k£ = 1, establishes (iv) (b).

(iv) = (iii). Choose n such that (iv) (a) and (b) hold. Since y, # 0 it follows
from the definition of ¢¥ that ta# 0 for each k,n. Hence we can choose d, >0
such that u; = 1 for all n. By (iv) (a) we can set M* = sup, ., sup,y. < oo and apply
Lemma 3 to obtain, for each n,k,

k-1 .2 . I2AR
k 1.1 k-1 jo+ 2+ 1) "
n = P Ty _S. T3 As

# H ,-11 ( 2+

k=1 -2 . Mk Mk
< (I L) (_2_k_;z)

= \js1 JA+Y k
which establishes (iii) (2).

To obtain (iii) (b} we apply Lemma 3 again to obtain, for each n, k,
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22 . }7
k+1 . > S22+ 1) "
:un l‘ln n = '1;[1 ( jZ + 2] M
Hence there exists § > 0 such that for each n, k,
k j 2 .
, +2ji 41
tog* 2 T rto("5 250 )
Hr ,-11 TR W T

J

v

k
o ]

j=1
SO

k
sup lim log,u,,“>5sup lim X y,,
kT — i=1 J

= 0

which establishes (iii) (b). This completes the proof of the theorem.

Condition (iv) in the preceding theorem is interesting because it shows explicitly
the relative unimportance of the sequence (d,). This condition may also be useful
in deciding that specific values of # do, or do not, lead to infinite type power
series spaces that can be embedded in Aq(«).

The following consequence of Theorem 1 lists some necessary conditions for
the isomorphism of Y and A_(f). They will be useful later on.

PropoSITION 2. If Y is isomorphic to A (B) and w is chosen so that condition
(iv) of Theorem 1 holds, then there exists ko such that we have, for k = k,,

lim >0
and

lim ¢* = co.

PrOOF. Suppose the first statement were false so that we had an infinite set K
such that lim,y¥=0 for all ke K. Then by Lemma 1 and the definition of
7¥ it would follow that lim, y¥ = 0 for all k.

Now fix k so that we have an infinite subset Ny = N such that lim,, .5, 7£=0.
By Lemma 1 again it follows that lim,,, Noy,{ = 0 for j < k. Hence we have

k J
lim ¥ 2o

T =1 J

Since this holds for each k we have a contradiction of Theorem 1 (iv).
The second statement follows from the first. In view of Lemma 1, it suffices
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to prove this statement for k = k. If it were false then we would have an infinite
subset N, = N such that sup .y, ¢5° < co. But then, since lim, Br(ny = o0 (Proposi-
tion 1(ii)), it follows that

Olgko
lim 7% = lim - =0
neNo neNg a(n)

and this contradicts the first statement. Hence the second statement is also proved.

Main results

The first result on embedding infinite type power s- s spaces as subspaces of
finite type power series spaces was due to S. Rolewicz | 2] who showed how to
embed A, () as a subspace of Ay(«) when o, = n. Actually, he proved that the
space of entire functions (in one complex variable) is isomorphic to a subspace of
the space of functions analytic in the interior of a disk. This is the same thing
since, as is well known, these two spaces are isomorphic to A (%), Ag(x) respect-
ively when ¢, = n.

Rolewicz’s result makes use of complex function theory and as such the actual
construction is not obvious. Although B.S. Mitiagin has pointed out a much
simpler argument, it is still not clear what the subspace looks like from a sequence
space point of view. Our first main result shows that there is a limitation on how
simple the embedding can be. It follows from our theorem and Rolewicz’s result
that not every subspace of a finite type power series space can be isomorphic to a
subspace generated by a block basic sequence of the coordinate basis (e,).

THEOREM 2. If o is a nuclear exponent sequence of finite type which satisfies
the condition
o
sup % < o,

n n

then A (o) is not isomorphic to the subspace of Ay(x) generated by any block
basic sequence of (e,).

Proor. By Proposition 1(iv), « is also of infinite type so the discussion of the
preceding section is applicable. If we assume that (y,) is a block basic sequence of
(e,) then we may assume that there exists a sequence 0 = py, < p, < --- and

Pn
Vo= X te, n=1.2..-

i=pp~1+1

This implies that for all n, k,j we have

k .
Prn-1 < qnépn< qtjz+1
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SO

o

P 1§ozk<oc S,

n+1

Next we observe that since = is a permutation, there exists an infinite subset
No © N such that n(n + 1) £ n(n) + 1 for all neN,. Indeed if not, then there
would be an integer n, such that n(n + 1) > n(n) + 1 for all n = ny. Then we
would have, for each n; = n,, that n(n) # n(n,) + 1 for n = n,. That is, the
infinitely many integers a(ng) + 1, n(ng +1) +1,--- would not be in the set
{n(n): n = n,} and this would contradict the fact that = is onto.

Hence we may compute,

ok
3 In
sup sup 75 = sup sup < sup sup —P-
k ne¥ k neNp n(n) k neNp n(n)
a
< sup sup RCITRICE

k  neNp %am+1)  Ya(m)

o
< (sup v,fﬂ) sup )+l
neN neNp an(n)

< oo ) %

neN neN 0zn

Now if we assume that condition (iv) of Theorem 1 holds then it follows from
(iv) (2) and our hypotheses that this last expression is finite and so we have
k J o 1
sup lim X ?—;§<supyn1) (sup M) Y2 5 <w
k “n j=1 J neN neN n j=1 J

which contradicts (iv) (b) and the theorem is proved.

ReMARK 1. In Theorem 2 it is not necessary to assume that o = f or that

(%p4 1 /2,) is bounded. It is enough to assume that there exists an infinite subset
No = N such that

sup Drotn) o
neNo n(n)
Then we could compute
(Xk
sup sup y* = sup sup
k neNg neNo Bn(n)
< (sup vn) sup Prern
n neNp ﬁn(n)

and the remainder of the argument is the same. This gives a necessary condition
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on § and = jointly for an embedding of A (f) as a subspace of Ay(«) generated by
a block basic sequence of (e,).

In the next result we show that it can happen that A_(a) is isomorphic to a
subspace of Ay(x) generated by a block basic sequence of a basis other than (e,),
in particular a permutation of this basis. Thus we have our first extension of
Rolewicz’s result to more general power series spaces.

THEOREM 3. If o is a nuclear exponent sequence of finite type which satisfies
the condition

o
sup —2n

n n

< o,

then A (a) is isomorphic to a subspace of Ay(w), in particular one which is
generated by a block basic sequence of a permutation of the basis (e,).

Proor. First of all we show that we can assume that « is strictly increasing.
Indeed, if (5,) is any sequence of positive numbers with 1 < §, < 2, chosen such
that &, = o, + J, is strictly increasing, then &, is again a nuclear exponent sequence
of finite type and Ay(&) is isomorphic to Ay(«) via the identity map. Moreover,

1
< sup a;" +2sup —< @

n n n n

so all of our hypotheses still hold. Thus we may apply Lemma 2 to (a,).
Let 6: N x N — N be the bijection given by

o(j,n) = 2/~1(2n - 1)
and set M = sup,a,,/a,. Let n be fixed and for k=1,2,---,n let j* be the first
positive integer such that

& < Ao (frum)

oy

This is possible since « and o(-,n) are increasing. There are two ways in which
j* could have been selected. First, suppose j¥ = 1. Then we have

13
aa(jmn) Oap~1

%y &y

<% < < MK
. <

n
Otherwise, if j* > 1 we have
k
ad’(jn— 1,n) < k3

%y
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so that

k k k
Yotimm) _ Falimm) | Falin=1.m) o pr43

an ao‘(j[’f* 1,n) an

Thus in either case we have

Ko<t o MK, k=12,

n

Now we set p, =0 and p, = o(j",n). Obviously (;¥) and hence o(;*,n) are non-
decreasing with respect to k so we can apply Lemma 2 to assert the existence of
scalars ff, i = 1,---, p, such that if

then
qllclza(.lﬁan)’ k=1""an'

Moreover, from the proof of Lemma 2, t/= 0if i is not one of a(i),n), k = 1,---,n,

and so we can write
n
n
Vo= X lghmCaiinmy
i=1

This shows that the sequence (y,) is a block basic sequence of a permutation of
the basis (e,).

We complete the proof by applying Theorem 1 (iv). We have § = « and we take
7 to be the identity map so we obtain

k¥ <y* < MK?® for k=1,---,n.
Hence, for each k,

sup y¥ = max { max y¥, Mk"'} <o
n 1€n<k

and

Thus our theorem follows from Theorem 1.

REMARK 2. In view of Dragiiev’s theorem and the fact that multiplying a
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basis by a fixed sequence of nonzero scalars does not affect the nature of a block
basic sequence, we can say that Theorems 2 and 3 consider all possible bases for
the space Ay(x). Moreover, these two results imply that the fact that two bases
are quasiequivalent does not imply that their block basic sequences gencrate
isomorphic subspaces.

REMARK 3. It may seem that it is possible to improve Theorem 3 by replacing
the permutation ¢ by some other permutation. However, an analysis of the proof
shows that the crucial property of ¢ is the fact that for each j,

a .
sup Y0 < oo,

n n
It was shown in [4] that the existence of any permutation with this property is
equivalent to the fact that ¢ has this property and this is also equivalent to the
hypothesis on « in Theorem 3. Thus it seems that this is the best result for the
case o = f§ that can be obtained by this method.

However, if we drop the requirement that « = f§ then we can weaken the
hypothesis on « and therefore get the following further extension of Rolewicz’s
theorem. In this case we once again get block basic sequences of (e,).

THEOREM 4. Let o be a nuclear exponent sequence of finite type. Assume that
there exists a constant M and a sequence I, = [¢,,%,] of nonempty closed in-

tervals of positive integers such that

o
'"T“—ngor mel,, n=1,2,..

m

and

n %y
Then there exists a nuclear exponent sequence of finite type B such that A ()
is isomorphic to a subspace of Ay(x) generated by a block basic sequence of (e,).

ProOOF. Qur argument will be a variation of the proof of Theorem 3. As in
that case we can use a simple perturbation argument to assume that o is strictly
increasing. Moreover, by disregarding some of the intervals I, and changing some
others if necessary, we can easily arrange for the following properties to hold,
where f(n) = o, [og :
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1<¢1: An< ¢n+1

Isfm=sfin+1)
for n=1,2,--- and
o f(r;) —
n=1 R

Now fix n and for k = 1,2, .-, n let ¢ be the smallest positive integer such that
f(K)ag, < ope .
Since ¢, > 1, f(k)a,, = a,4, and o is increasing, it follows that
qgk>¢,>1for k=1,--,n
and so we have
a g < [k .
Moreover, since f(k) < f(k + 1) we have
gk< gkt for k=12, ,n—1,
Next we have, for k=1,2,---,n,
%, =f(nay, 2 (K)o,
so that
gk <, for k=1,2,-,n.
Finally we have for k=1,2,---,n,

Gy
U=~ ak—1 S Mf(k)ay,.

n q;:x_l

Now let p, =0 and p,=gq; for n=1,2,.--, Then we have, for k=1,2,---,n,
Pp—1 = q::i é }'n—l < ¢n < qr’: —S- Pns

so we can apply Lemma 2 with p,, p, replaced by p, 4, p, to obtain y, e Ay(a) with

Pn
Yn = z 1
i=pp-1+1
and
g =gty _ 415 1p,) for k=1,2,--,n.

This is our block basic sequence. If we set §, = oy, for n =1,2,-.- then since a is
a nuclear exponent sequence of finite type, so is § and hence it is also of infinite
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type (Proposition 1(iv) and (vii)). To check that the subspace generated by (y,) is
isomorphic to A_(f) we take n to be the identity permutation and we have

k aqﬁ aq'ﬁ

’y =
* ﬂn(n) ad:n
so it follows from the above inequalities that

SRy <ynSMfk)fornzk,n=1.2,--

fork=1,---,nand n=1,2,--

The desired result then follows from the properties of f and Theorem 1 (iv) so
our theorem is proved.

REMARK 4. Obviously the conditions of Theorem 4 are satisfied whenever o
satisfies the condition,

Since this condition is strictly weaker than the condition of Theorem 3, we have a
proper generalization of that result,

ReMARK 5. It is known that a complemented subspace of a power series space
of finite type cannot be isomorphic to a power series space of infinite type [1,
Corollary 2.9]. Thus Theorems 3 and 4 give examples of block basic sequences
which generate subspaces that are not even isomorphic to complemented subspaces.
Recently Lindenstrauss and Tzafriri [8] showed that the spaces /,, 1<p < o and
¢, can be characterized as those infinite dimensional Banach spaces with un-
conditional bases with the property that every block basic sequence generates a
complemented subspace.

Since all bases in nuclear Fréchet spaces are unconditional, it follows that if a
basic sequence is a subsequence of a basis then it generates a complemented sub-
space. Hence, in view of the preceding comment it follows that Theorems 3 and 4
also provide examples of block basic sequences which cannot be extended to bases.
It was recently shown [5] that the space w (of all sequences of scalars) can be
characterized as that nuclear Fréchet space with the property that every block
basic sequence of every basis has a block extension to a basis.

We turn now to some negative results on the possibility of embedding a power
series space of one type into one of another type. The first result in this direction
was due to Zaharyuta [ 13] who showed that if «, § were nuclear exponent sequences
of infinite and finite type respectively, then Ag(f) is not isomorphic to a subspace
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of A, (2). As we have s:en in Theorems 3 and 4, this result does not remain true
if the types are reversed, so we are led to ask for conditions on « (if any) which
permit us to assert that Ay(e) contains no subspace isomorphic to a power series
space of infinite type. 1f we look at Zaharyuta's argument we see that he obtains
his result by proving that every linear continucus map from a finite type power
series space to an infinite type power series space is compact. The conclusion
about subspaces is then immediate. If we consider this statement in our context
(that is, with “infinite’” and “‘finite’” interchanged), then we shall see that exactly
the opposite result holds (Theorem S). First we must prove a Lemma.

LemMAa 4. Let o be a nuclear exponent sequence of finite type and (n,), a
sequence of positive numbers. Then there exists a decomposition N = U,N, of
the positive integers into countably many pairwise disjoint subsequences such
that if we define

ﬁn = “”5 neN, V=1,2,"’

v

then the sequence obtained by rearranging (f,) into a nondecreasing sequence

is a nuclear exponent sequence of infinite type.

PrOOF. By Proposition 1 (ii) we can choose N,, v=2,3,.-- such that
N, = N ~ U2, N, is infinite and

Z : < yl > ¥V “_"2,39
neN., oy 2’7v
Then
1 o0 =]
s los 3z o3,z
né¢N;y ﬁn v=2 neN, Ay v=2 neN, Uy
21 1
< = —
S L=<

This implies that the set (8,), ., has at most finitely many elements less than any
given number so it can be rearranged into a nondecreasing sequence which
satisfies the condition of Proposition 1 (iii) so that it is a nuclear exponent sequence
of infinite type. Since 8, = «, /1, for ne N, it follows from Proposition 1 (vi) that
this is also a nuclear exponent sequence of infinite type. The Lemma then follows

from Proposition 1(v).

THEOREM 5. For every nuclear power series space X of finite type there
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exists a nuclear power series space Y of infinite type and a linear, continuous,
noncompact map T: Y— X.

Proor. We take X = Ay(«) and define #; =1 and

n, = _ﬁg_v___. for V=2,3,“'.

v V2
log (vz - l)

Then we obtain N,, v =1,2,--- and § from Lemma 4 so that Y = A_(f)is a nuclear

power series space of infinite type.
Let & = (&,) be the sequence given by

lﬂ""
f,,=v”"(v1_ ) forneN,, v=1,2,--,

and let T be the diagonal transformation determined by &. That is, Ty = (&,y,),
where y is any sequence. Using the closed graph theorem it follows that we need
only show that T(Y) = X and T is not compact. In order to do this it will be
necessary to estimate the quantity

” k \%iBn k=12
n k+1 » 1, = 44 .

We fix k and consider three cases.
If v = k we have, for neN,,

k an/Bn v n
1/8n =B [} =y=
" (k+1) & (v+l) v=k

If v < k we have, for neN,,

sk )“"m"= gus-( Y Yk v+ 1\
"okt 1 "W+ 1) k+1 v
(v + 1)"
v .
v
If v > k then, in particular v > 1 and we have, for neN,,

sk )a"m“sél/ﬁn v, v -1y
" \k+1 =" v v2

V2 -1 logv/log(vZ/vZ—1)
=y "

IA

=1

Hence we have, for each k,
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an/Bn v
k < lim &Y6- (k——llfl) < max(k,l, max v(v T 1) ) < o0,
n v<k /

so we may conclude,

k %nfBn
1/8n
@ for each k, sgp & (k T 1) < W
k an/Bn
Tim &£1/8n _
(5 s1:p 11'rln ¢, (k T 1) 0.

Now we are ready to prove that T has the desired properties.

T(Y) = X. Lett=(t,)eY. Then for each k we have, from (4), an integer j
such that

g K N o an
n m Sjtloralin

and so we have, for all n,

k \™ By fin k \*™
&l ta] (k—-l-l) =]tn|Jﬂ"J bng, (m)
< [l

The fact that te Y implies that (¢,j%"), €, for each j and so

k o\
(o) e

and since this holds for each k it follows that T(Y) < X.

T is not compact. Since Y is a nuclear Fréchet space, it it also a Montel
space and hence it suffices to show that T maps every member of a fundamental
system of neighborhoods of 0 for Y into a subset of X which is not bounded. We
consider the fundamental system (V;); where

V= {te¥Y: X It,,lj”"él}, j=12,-.

Suppose that for some j, T(V;) is a bounded subset of X. This means that for each
k there exists M, such that

Y |t,|%"<1implies X &t (k__-l:_T) " < M, for all k,

or
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k \™
Bn . .
(t,J"™), € 1, implies (f,,t,,(-—k T 1) )ne I, for all k,

o kO
(énj”(——k+1) )

defines a diagonal transformation of I, into itself and so it must be bounded, say
by N,, for each k. Thus we have, for each k,

so that the sequence

T A < N/ for all n
n k +1 = k .

Taking the limit superior as n goes to infinity and using the fact (Proposition 1(ii))
that lim, o, = c0 we obtain

. I/B k dn/ﬁn
lim &, (m)

A

Js

and this is true for each k independently of j. Obviously this contradicts (5) so
the map T is not compact and the theorem is proved.

Thus the method of Zaharyuta is totally unavailable for showing the non-
existence of subspaces of Ay(a) which are isomorphic to some A_(f). Indeed,
results like Theotem 3 and 4 along with Theorem 5 might suggest that the opposite
is the case and that every Ay () contains such a subspace. For our last result we
show that this is not the case.

THEOREM 6. Let o be a nuclear exponent sequence of finite type which
satisfies the condition

lim Ont1

n n

Then Ay(a) has no subspace isomorphic to a power series space of infinite type.

Proor. Suppose that X is a subspace of Ay(e) which is isomorphic to a nuclear
power series space of infinite type. Then X has a basis (x,) which is then a basic
sequence in Aq(a). If we apply a variation of a theorem of C. Bessaga and A.
Pelczyriski [2, Theorem 1], then we may conclude that there is a basic sequence
(yn) in Ag(e) which generates a subspace Y isomorphic to X and such that each y,
is a finite linear combination of the elements of the coordinate basis (e,). The
- variation consists of two changes. First, the result of Bessaga and Pelczynski is
for bases, but no change in the argument is required to obtain it for basic sequences,
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Secondly, they do not explicitly show that X is isomorphic to Y but this is implicit
in the proof.

Thus we have the situation described in the beginning of this paper and set up
for an application of Theorem 1. We can write Y= A_(ff) and we shall obtain a
contradiction for two separate cases. Let k, be the integer given in Proposition 2.

First consider the case in which there exists k = k, and an infinite subset
N, = N such that g¢*! > ¢* for all ne N,. Then using the hypothesis on o and
the second conclusion in Proposition 2 we have

’))k+ 1 Olgk+1 ol k+1
. n . n
lim 2 p 2 lim

neNp 'y’:' neNo (Zq" nzNp aq’:‘

= 00.

But this fact along with the first conclusion in Proposition 2 implies that
lim,, 74" != oo and this contradicts Theorem 1 (iv) (a).

In view of Lemma 1, the only other possibility is that for each k = k, there
exists an integer n, such that qf= g“*'for all n = n, and this implies that
9k = 9**1 for all n = n,. Therefore lim, y* = lim,y* for all k = k, so we have,
using Theorem 1 (iv) (a),

ko Koy koo
sup lim ¥ -3 =max(sup lim X —- ,sup lim '21 j; )
- i=

k A j=1J k<ko “n j=1 J° k2ke Tm”

k
< max (sup 2

2 2
k<ko j=1 J k2ko j=1 J

k
=sup X —;
ksko j=1 J

which contradicts Theorem 1 (iv) (b), so our theorem is proved.

REMARK 6. It is easy to see that the hypotheses of Theorems 4 and 6 do
not include all possibilities. For example, the sequence

0g,0q,00p,0;,03,03, "

where o, = 2%"is a nuclear exponent sequence of finite type which fails to satisfy
either condition. Thus we are led to the following question.

ProBLEM. Characterize those nuclear exponent sequences of finite type a for
which A () contains a subspace isomorphic to a power series space of infinite type.
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